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Introduction 
For reasons of cost, convenience, or technical feasibility not 

every variable in a process is measured. However, we may still 
be able to estimate the value of an unmeasured variable from 
other measurements through mass, energy, and component bal- 
ances. Our ability to do so will depend on the structure of the 
process network and on the placement of measuring instru- 
ments. Mathematically speaking, if we are able to change the 
value of a variable without violating the conservation con- 
straints, then the change is said to be feasible. Typically, this 
means that the values of some other related variables will have 
to be changed appropriately so that the constraints remain satis- 
fied. For a given process network with a given set of instrument 
placements, if we can make a feasible change for a variable 
without being detected (or observed) by the instruments, then 
the variable is said to be unobservable. By this definition a mea- 
sured variable is certainly observable, but an unmeasured vari- 
able may or may not be observable. 

Clearly, it is desirable that all variables of interest to the per- 
formance of a process should be observable. For instance, all 
variables associated with a control loop should be observable. 
Similarly, all variables associated with a yield accounting 
should be observable. But with some applications, this require- 
ment in itself is not sufficient. For instance, in a tank with one 
inflow and one outflow, we may apply feedback control to the 
liquid level by manipulating one or more flow rates if the level is 
measured. If we measure the flows but omit level measurement, 
the level is still observable but the control system is now feedfor- 
ward rather than feedback. 

If we delete the measurement associated with a given vari- 
able, and if the variable remains observable, then the measure- 
ment is said to be redundant. In a process network we require 
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certain variables to be observable, others to be measured but not 
redundant, and still other measurements to be redundant. How 
to classify variables and measurements in a multicomponent 
flow network is the basic problem addressed in this paper. This 
problem is clearly of importance in process operation. For 
instance, we may wish to evaluate the impact of an instrument 
failure for a given process. But observability and redundancy 
classification also provides a rational basis for designing a per- 
formance monitoring system, trading placements and instru- 
ments of different types, costs and accuracies. The necessity for 
classification algorithms is made more compelling by the com- 
plexity of highly integrated processes and by the volume of data 
and measurements in highly instrumented and automated 
plants. 

For single-component flow networks, networks with linear 
constraints, or mass-energy flow networks, efficient classifica- 
tion algorithms already exist (Vaclavek, 1969; Mah et al., 1976; 
Stanley and Mah, 1981b; Crowe et  al., 1983). In this paper we 
extend the treatment to multicomponent flow networks, but 
exclude energy balances and chemical reactions from our pres- 
ent consideration. Previous works by Vaclavek and Loucka 
( 1  976) and Vaclavek et al. ( 1  976 a, b), and by Romagnoli and 
Stephanopoulos (1980) required the composition of each stream 
to be either completely measured or not measured at  all. The 
algorithm of Vaclavek et al. i s  graph-oriented. Nonredundancy 
classification rules are employed to “reduce the balance 
scheme” and to identify the redundant measurements. Applica- 
tion of this algorithm is limited by the fact that these rules 
constitute only sufficient conditions for nonredundancy classifi- 
cation. In other words, measurements that are classified as non- 
redundant are actually nonredundant, but some nonredundant 
measurements may also be erroneously classified as redundant. 
The algorithm of Romagnoli and Stephanopoulos is equation- 
oriented. Solvability of the nodal balance equations is examined 
and an output set assignment algorithm (Stadtherr et al., 1974) 
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is employed to classify measurements and variables simulta- 
neously. Their observability classification of an unmeasured 
variable depends on whether it can be assigned as an output to a 
nodal balance equation that contains only observable variables. 
However, consideration of nodal balances alone may lead to 
incorrect classification, since an unmeasured variable not as- 
signable as an output to a nodal balance may nonetheless be 
observable through balances of clusters of nodes. A more 
detailed critique of the above algorithms together with counter 
examples is presented in material deposited as Supplementary 
Material No. 1. 

The algorithms developed in this paper do not impose any 
restriction on the number of mass fraction measurements in the 
streams. They make use of graph-theoretic concepts and pro- 
ceed in a layered approach through the various graphs derived 
from the process graph. Variables in streams that do not lie on 
cycles with unmeasured mass flows are classified on the basis of 
graph-theoretic criteria alone. These criteria are derived by 
exploiting the structure of the network and the positions of the 
measurements. To treat the classification problem in cycles with 
unmeasured mass flows, cutsets of the process graph are exam- 
ined in order to select the appropriate subsets of equations and 
determine their solvability. The observability, and redundancy, 
now depends on the numerical values of the measurements as 
well. The proposed classification algorithms have been success- 
fully implemented on computers. This paper will focus on the 
development of the algorithms rather than their implementa- 
tion. 

Problem Formulation 
The structural information in a plant can be conveniently rep- 

resented by a directed graph, called a process graph (Mah et al., 
1976), which we denote by F. The nodes of F correspond to the 
units, tanks, and junctions of the process; the arcs correspond to 
the process streams. The process graph contains an environment 
node from which the process receives its feeds and to which it 
supplies its products. It is always cyclic. A process network re- 
cords in addition to the structure of the graph, the types of mea- 
surements as attributes of the arcs. In the networks to be consid- 
ered in this study there are two types of measurements (mass 
flows and mass fractions) and three types of variables (mass 
flows, component mass flows, and mass fractions). For simplici- 
ty, we will assume that all mass fractions and mass flows are 
directly measured. An arc corresponding to a stream whose 
mass flow and mass fractions are not measured will be referred 
to as an unmeasured arc. 

For an I-component flow network with N physical nodes and 
J streams, the constraints consist of mass balances: 

component mass balances: 

J 

x a n j M , x j i  = o i = I , .  . . , i; n = I , .  . . , N ( 2 )  
1 

and normalization equations: 

I 

~ x j j = l  j =  I ,  . . . ,  J (3) 

where anj is the (nj)th entry of 4, the reduced incidence matrix 
of the process graph F .  The mass and component mass balances, 
as written above, correspond to single nodes. However, they are 
not the only constraints to be considered; similar balances can be 
written about any cluster of nodes. 

Since we do not impose any restriction on the number of mass 
fraction measurements in the streams, the normalization equa- 
tions are  always active constraints. However, because they are 
stream constraints-in contrast to the mass and energy bal- 
ances, which are nodal constraints-the treatment used in mass 
or mass-energy flow networks (i.e., networks constrained solely 
by nodal constraints) is inadequate for the networks considered 
in this work. 

In the following treatment it is assumed that if all mass frac- 
tions are measured in a stream, they are normalized to sum up to 
unity. If one mass fraction measurement is missing from a 
stream, it is calculated using Eq. 3.  The only other situation 
remaining corresponds to two or more unmeasured mass frac- 
tions in the same stream. 

The basic theoretical framework of observability and redun- 
dancy was set out by Stanley and Mah (1981a). But the algo- 
rithms that they developed (Stanley and Mah, 1981b) apply 
only to single-component and energy flow networks. In the new 
approach the basic theoretic framework and the use of graph- 
theoretic concepts are retained. But rather than using a feasible 
unmeasurable perturbation or a perturbation subgraph to iden- 
tify unobservable variables, we identify the observability 
through the solvability of the constraint equations. If a subset of 
the constraint equations is solvable with respect to the unmeas- 
ured variables occurring in it, then these variables are said to be 
observable. An unmeasured variable is unobservable if all sub- 
sets of equations in which it occurs are not solvable. 

At this point it may be useful to recapitulate the essence of 
what we are trying to accomplish. The objective of this exercise 
is to classify variables and measurements according to their 
observability and redundancy. Solvability of equations is used as 
a tool in the classification. We are not trying to solve a given set 
of equations numerically, which would be a straightforward 
exercise for linear and bilinear equations. For most cases of 
interest to us there are almost always unobservable variables 
and nonredundant measurements present. Consequently, the 
complete set of equations is almost certainly not solvable. We 
will gain very little insight in trying to solve the complete set of 
equations. What we are trying to do is to look for appropriate 
subsets that are solvable (but without actually solving them) 
and use this information to infer the status of variables and mea- 
surements. It is important to emphasize the qualifier “appropri- 
ate,” because we are not interested in looking a t  all subsets of 
equations, which would be numerous, but only a t  subsets rele- 
vant to the variables and measurements under consideration. 
This is normally a tedious and error-prone combinatorial prob- 
lem. In our new approach the appropriate subsets are identified 
by exploiting the relationship between cutsets of graph C and 
certain graphs derived from it, where G is the underlying graph 
of F with the directions of arcs erased. 

Biconnected components and cutsets are the most important 
graph-theoretic concepts employed in the new approach. They 
are defined in Appendix 1, where a short discussion of all con- 
cepts needed for the classification algorithms is also provided. 
The reader is referred to Deo (1974) and Aho et al. (1974) for a 
fuller treatment of graph theory. Two operations on graphs will 
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be carried out: 
1 .  Deletion of arcs, which is simply removal of arcs from the 

graph. 
2.  Aggregation of two adjacent nodes, with elimination of all 

arcs between them. 
In the following treatment we shall make use of the graph G 

and certain graphs derived from G. G, is the subgraph of G 
obtained from G by deleting all arcs with mass flow measure- 
ments. G,, is the subgraph of G containing all unmeasured arcs 
and only unmeasured arcs. It is derived from G, by deleting all 
arcs containing one or more mass fraction measurements. Thus, 
G ,  C C ,  C G. Graph C" is obtained from C by aggregating 
all nodes that lie on a cycle with unmeasured mass flows. Graph 
G' (i = 1, . . . , I )  is obtained from G by aggregating all nodes 
that lie on a cycle with unmeasured mass fractions of ith compo- 
nent. G ;  is the subgraph of G" obtained by deleting all arcs with 
measured mass fractions of ith component. A chart relating G to 

72 

G 

its derived graphs is given in Figure 1. Illustrations of graphs 
G,, G,,, C', G", G y  may be found in Figures 2,3 ,4 ,  and 5. Note 
that in these figures, the labels in the parentheses following the 
stream labels indicate the unmeasured variables in a stream: 
"M" means unmeasured mass flow and "i" (i = 1, 2 , .  . .) 
means unmeasured mass fraction of component i. The same 
notation will be used in all subsequent figures. 

Classification Principles 
In this section we will present the classification principles 

derived from solvability conditions of the constraint equations. 
We will relate them to the several graphs defined before and 
introduce the reader to the use of the basic graph-theoretic con- 
cepts employed in this paper. Since redundancy is defined in 
terms of observability, the discussion will be focused on observ- 
ability classification only. Theorems and proofs are given in 
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Figure 1. G and graphs derived from G. 
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Figure 2. (a) A three-component network. 
(b) G,,, graph of network. 
Quantities in parentheses indicate unmeasured variables: M = un- 
measured mass flow; 1 ,  etc. = unmeasured mass fraction of compo- 
nent 1. etc. 

Appendix 2 and Supplementary Material No. 2. Let us begin 
with the relationship between a cutset (defined in Appendix 1) 
and its associated balance equations. With reference to Figure 6 
let S be the set of arcs {el, e2, . . . , ej,  . . . , e,.} that divides the 
nodes into two subsets, V, and V2, such that one end node of each 
arc belongs to V ,  and the other to V,. Then S is a cutset of graph 
G. A material balance around the node subset V, (or V,) is the 
algebraic sum of material flows in the arcs of cutset S.  We shall, 
therefore, use interchangeably the phrases “balance around a 
node subset” and “balance for a cutset.” 

The overall and component balances corresponding to the cut- 

Figure 3. (a) A three-component network. 
(b) G” graph of network. 
(c) GP subgraphs of G”. 
Parenthetical designations as in Fig. 2. 
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Figure 4. (a) A three-component network. 
(b) G,,, graph of network. 
(c) G,,,, graph with isolated nodes excluded. 
Parenthetical designations as in Fig. 2. 

set of G that consists of the arcs in S are: 

and 

a , M , x I i  + * * * + U j M . X . .  I I‘ + . . . 
+ U,M,.X,i = 0 i = 1,. . . , f ( 5 )  

where a,, . . . , aj ,  . . . , a,. = * 1 depending upon the directions of 
the arcs. 

Suppose now that mass flow M j  is not measured, which 
implies that arc ej is present in graph G,. M, can be calculated 
through the overall balance if and only if Eq. 4 contains exactly 
one unknown variable, Mi. In other words, a necessary and suf- 
ficient condition for Mi to be observable through the overall bal- 
ance of some cutset of G is that all arcs in the cutset, except arc 
ej,  have measured or observable mass flow. Mah et al. (1976) 
proved that this situation corresponds to the case in which arc e, 
does not lie on a cycle in G,. This condition is sufficient for 
observability classification of mass flows in multicomponent 
flow networks and is stated as Theorem 1 (Appendix 2). 
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Figure 5. Graphs for the network in Fig. 4a. 
(a) G’ graph; (b) G2 graph; (c) G3 graph. 

The other case to consider is when arc el does lie on a cycle 
with unmeasured mass flows. A property of cutsets is that they 
have even number of arcs in common with any cycle (Deo, 
1974, p. 70). Thus, if arc e, of set S lies on a cycle of G ,  there is 
a t  least another arc of S that is part of the same cycle. Then the 
overall balance, Eq. 4, has more than one unknown mass flow. 
However, we may still be able to calculate the unknown flow(s) 
by augmenting Eq. 4 with component balances, Eq. 5 .  Before 
analyzing this case we will demonstrate the points made above 
using the three-component network in Figure 2. Unmeasured 
flow M., can be directly calculated through the overall balance 
around node 3 .  Notice that arc 4 does not lie on a cycle in G,. On 
the other hand, arcs 2 and 3 do lie on a cycle in G,. Mass flows 

Figure 6. A cutset of G (el, . . . , e,, . . . , eJ, and parti- 
tions V,, V, of node set of G. 

M2 and M 3  may be calculated by using both the overall balance 
and the material balance for component 2 around node 1. 

Let Em denote the set of arcs that lie on cycles in G,, and let 
arc el of S together with at  least another arc of the same set 
belong to Em. Let K,  be the family of cutsets of G each of which 
contains some arcs of Em. Clearly, S is a member of Km. Let 
s(s > 1) be the number of arcs in S that belong to Em. If all J‘  
streams of S have measured or observable mass fractions of the 
same p components ( p  E (0, 1, . . . , I } ) ,  we can define xk as the 
vector of these mass fractions in arc ek. The coefficientmatrix, 
- C,  of M I ,  M,, . . . , MJ in the same p + 1 equations of the sys- 
tem, Eqs. 4 and 5 ,  is: 

The columns of C c a n  be permuted and partitioned so that: 

where columns of c, correspond to the s arcs that belong to 
being the vector of mass flows) and those of _C, corre- 

spond to the q = J’ - s remaining arcs in S, all of which have 
measured or observable mass flows (m, being the vector of mass 
flows). The unmeasured mass flows E~ may be determined by 
solving the following set of equations: 

The necessary and sufficient conditions for a unique solution of 
Eq. 8 are (Amundson, 1966): rank [C,] = rank [c, i -cqt3J = 

s. In the case when p = I ,  a t  most l o f  the I + 1 equations in 
Eq. 8 are linearly independent because = I ,  k = 1 ,  . . . , J’. 
Therefore, for m, to be uniquely determinable, its dimension 
must not exceedl. Also, forms to be nonzero Eq. 8 must be non- 
homogeneous, i.e., s < J ’ .  The sufficient conditions for classify- 
ing mass flows of arcs in Em through some cutset of G are sum- 
marized in Theorem 2. Note that when C,, cq, or s, contain 
observable unmeasured variables, the above matrix rank test 
cannot be performed numerically. Then the solvability of Eq. 8 
has to be examined symbolically. In other words, we check 
whether the number of equations is a t  least equal to s, i.e., p + I 
> s. In order to demonstrate how Eq. 8 is set up, let us consider 
again the three-component flow network in Figure 2a. G, has 
one cycle consisting of arcs 2 and 3. The set of cutsets of G con- 
taining arcs of E, = {2, 31 is: K, = { ( l ,  2, 3), (2, 3,4)). In cutset 
K,,l = (1, 2, 3) arc 3 has completely measured composition but 
arcs 1 and 2 have measured mass fractions of component 2 only. 
Therefore, the partitioned matrix - Cis: 

For this systems = 2, I = 3 ,  and J ’  = 3 .  If x2, # x,,, then M ,  and 
M ,  are observable. 

We now turn our attention to the classification of mass frac- 
tions. Suppose xji is not measured. As mentioned in the previous 
section, a t  least another mass fraction x,,, 1 # i, is not measured, 
and so xji cannot be calculated using the normalization equation 
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for stream ej. The ith component balance in the set of Eq. 5 is: 

a,M,x, ,  + * * * + u.M.x- .  J J I  + - . * + U,.M,.X,.' = 0 (10) J 

Assume that all mass fractions xki(ee E S, k f j )  are mea- 
sured and have the same value. Multiplying Eq. 4 by xki and sub- 
tracting it from Eq. 10, we obtain the modified component bal- 
ance: 

lljMJ(Xj, - X k i )  = 0 

Equation 11 implies that xji = xei, or xji is observable. Notice 
that we have not imposed any condition on the observability of 
mass flows. Since all mass fractions of component i in streams 
other than ej are measured, the above classification is possible 
only if cutset S has no arcs in common with a cycle in which all 
mass fractions of component i are not measured. Otherwise, 
there are a t  least two arcs in S with unmeasured mass fractions 
of component i. 

Let eJ be an arc which has unmeasured xji and which does not 
lie on cycles with unmeasured mass fractions of component i, 
and let E' be the set of such arcs. The foregoing discussion shows 
that the modified component balances (1 1) may be used to clas- 
sify all unmeasured mass fractions xji, ej E E'. By definition, all 
members of E' are contained in G'. If K J  is the set of cutsets of 
G', each of which contains exactly one member of E', namely, ej, 
then only members of Kj have to be checked for observability 
classification of xjj .  The use of G' greatly simplifies the tasks of 
identifying xji and locating the appropriate cutset. 

These results are stated in Theorem 3 and its corollary. For an 
illustration consider the process network in Figure 4a. The asso- 
ciated GI graph is given in Figure 5a and El = 12, 71. The only 
cutset in K :  is (1,2,  3). This cutset can readily be determined if 
we temporarily aggregate the end nodes of all arcs in El except 
arc 2 (in this case, end nodes 1 and 3 of arc 7). If x , ,  = 

xjlr then x21 is observable. Notice that the use of GI avoids the 
necessity of examining all cutsets of G containing arc  2. 

In the case when xji cannot be classified as observable by The- 
orem 3 or its corollary, we may still be able to calculate it 
through the ith component balance for some cutset of G. Then 
with reference to S, Eq. 10 should have exactly one unknown 
variable, xjp  Let us consider graph G". All mass flows in G" are 
measured or observable by the definition of G"' and Theorem 1. 
Consequently, the status of any mass fraction in G" is the same 
as of its corresponding component flow. Suppose set S is a cutset 
of G". Then no arc in S belongs to Em. Rewriting Eq. 10 in terms 
of component flows we get: 

q n , ,  + - - + ujnj, + - - + urnyi = 0 (12) 

Component flow nji can be calculated from Eq. 12 if and only if 
all remaining flows nki, k # j ,  are known. Hence, a necessary 
and sufficient condition for xji to be observable through some 
cutset in G" is that all arcs in the cutset, except arc ej, have mea- 
sured or observable flows of component i. Clearly, this case is 
analogous to the classification of unmeasured mass flows in G 
through overall balances, which was examined previously. Here, 
however, we are concerned with G" instead of G, and C :  is the 
corresponding graph to G,. By analogy then, if arc ej does not lie 
on a cycle in G?, xji is observable. This result is presented in 
Theorem 4. An illustration may be found in Figure 3 .  Mass frac- 
tion xI1 can be estimated in G" using the balance for component 
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1 around node 4. Notice that arc 1 lies on no cycle in G;" (Figure 

All the classification principles presented so far refer to situa- 
tions in which unmeasured variables in the arcs of set S are 
observable. Similarly, there are certain cases in which unmea- 
sured variables in the arcs of S are unobservable. For instance, if 
s(s > 1) arcs in S belong to Em and at  least one arc in S has 
unmeasured composition with respect to all components (i.e., 
p = 0), then there are fewer equations in the system of Eq. 8 
than unknowns. In this case the unmeasured mass flows in S 
cannot be calculated through this set of equations. Sufficient 
conditions for unobservability classification based on this re- 
mark are given by Corollaries 1 and 2 of Theorem 2. Also, if an 
arc in S has unobservable mass flow, no unmeasured mass frac- 
tion xJ,, eJ E S, can be calculated through cutset S, unless Theo- 
rem 3 or its corollary, which classify mass fractions irrespective 
of the status of mass Rows, are applicable-Theorem 5. In the 
case in which at  least two of the same components have no mea- 
sured mass fractions in a cycle of G, then these mass fractions 
are unobservable-Theorem 6 .  

Observability Classification 
Algorithm 

Given the process network, the measurement placement, and 
the measurement values the algorithm classifies individually all 
unmeasured variables as observable or unobservable. 

The algorithm may be conceived as consisting of two phases, 
the pretreatment phase and the main phase. In the pretreatment 
phase, mass fractions satisfying conditions of Theorem 3 or its 
corollary, as well as single unmeasured mass fractions that may 
occur in some streams, are classified as observable. Also, arcs 
with unobservable variables are identified by applying Corollar- 
ies 1 and 2 of Theorem 2, and they subsequently are excluded 
from the process network by node aggregations. All remaining 
variables are classified in the second phase of the algorithm, 
which proceeds iteratively. In order to explain this procedure we 
introduce the following classification of the unmeasured vari- 
ables depending on their relation with the cycles of G,: 

Type I flows: the mass flows of arcs that lie on cycles in G, 
Type I1 flows: all remaining unmeasured mass flows (they 

correspond to single-arc biconnected components of G,) 
Type I mass fractions: the unmeasured mass fractions of 

any arc with both end nodes lying on the same cycle in G, 
Type I1 mass fractions: all remaining unmeasured mass 

fractions 
Theorem 1 indicates that type I1 flows can be directly classified 
as observable. Classification of type I flows makes use of mea- 
sured as well as observable mass fractions (Theorem 2). On the 
other hand, classification of type I mass fractions makes use of 
component mass balances and depends on the classification of 
type I flows (e.g., Theorem 5). Therefore, the observable mass 
fractions that are possibly needed for classification of type 1 
flows come from the set of type I1 mass fractions. This analysis 
suggests that the classification has to be made according to the 
following hierarchy: 

3c). 

1. Type 11 flows are classified as observable 
2. As many as possible type I1 mass fractions are classified as 

3. Type I flows are classified as far as possible 
4. After some type I flows have been classified as observable 

observable 

it may be possible to classify some type 1 mass fractions 
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The above procedure is repeatedly applied until no further 
unmeasured mass flow can be classified as observable. 

During the execution of the algorithm, G and its derived 
graphs are continually changing because of deletion of arcs, 
aggregation of nodes, and classification of unmeasured variables 
as  observable. In the following presentation it is understood that 
G and its derived graphs are updated after each and every 
change, and that whenever an unmeasured variable is classified 
as observable, it is thereafter treated as measured. 

We shall now present the algorithm and then illustrate and 
explain with more details the various steps by applying it to the 
three-component flow network in Figure 4a. 

1. Obtain graphs G' and arc sets E', i = 1, . . . , I .  For each 
arc j in E' consider set K j .  If in a member of K; there are two 
arcs or all mass fraction measurements of component i are 
equal, classify xji as observable. 

2. For each arc j in G with exactly one unmeasured mass 
fraction xji, classify x,, as observable. 

3. Find components and biconnected components of G,,. 
(a) Aggregate in G all nodes of the biconnected components 
of G,, with more than one arc. 
(b) For each arc j in G, with mass fraction measurements 
and with end nodes u and w lying in the same component of 
G,,, aggregate nodes u and w in G and also all nodes in the 
cycle of G formed by arc j and arcs in Gmz. 
(c) Classify all unmeasured variables of the arcs excluded 
from G by node aggregations in steps (a) and/or (b) as unob- 
servable. 
4. Find biconnected components of G,. For each biconnected 

component with exactly one arc j ,  classify M, as observable and 
delete arc j from G,. 

5. Obtain graphs G r  ( i  = 1, . . . , I )  and form set Z of their 
biconnected components. 

(a) For each biconnected component B; with exactly one arc 
j ,  classify xji as observable and delete graph BT' from set Z .  
(b) For each arc j that appears only once in set Z,  say in By,, 
classify xj, as observable and delete a r c j  from graph BY'. 
(c) Update set 2 by finding the biconnected components of 
the graphs BTr which changed in step (b) and repeat from (a) 
until no further mass fraction is classified as observable. 
6. If G, is a null graph, classify all unclassified unmeasured 

7. Consider the set of cutsets K ,  and one of its members 

(a) If all arcs in K,,, have unmeasured unclassified mass 
flows, or if the number of arcs in K,,r is greater than I ,  con- 
sider another cutset K,,z(t # r )  and repeat the step. 
(b) If in a cutset K,,,7 there are s arcs j l ,  j2 ,  . . . , j s  with 
unmeasured unclassified mass flows and matrices _C, and 
[cs i - 9 3 1  are of rank s, classify M,,, M,,, . . . , Mjs as 
observable. Delete a r c s j l , j 2 ,  . . . , j s  from G, and go to step 
4. 
(c) If after a complete pass through the set of cutsets K ,  no 
mass flow has been classified as observable, classify all 
unclassified variables (mass flows and mass fractions) as 
unobservable and stop. 

mass fractions as unobservable and stop. 

&z,r 

Example 
1. In the first step of the algorithm we apply Theorem 3 and 

its corollary. The mass fractions and cutsets to be considered are 

identified from graphs C' and arc  sets E', i = 1, . . . , I .  For the 
example the G' graphs are shown in Figure 5 .  The sets E' are 
E' = { 2 , 7 ) ,  E 2  = (1, 31, E 3  = 11, 131. It is easy to verify that no 
mass fraction can be classified as observable by Theorem 3 
because no cutset in a set K ; ( j  E E', i = 1,2,3)  has exactly two 
arcs. However, the application of its corollary may result in clas- 
sifying some mass fractions as observable. For instance, in GI if 
xJi = then x7' is observable. We assume, however, that no 
two mass fraction measurements have the same value, and so no 
mass fraction is classified as observable in this step. 

2.  In step 2 a single unclassified unmeasured mass fraction 
that may occur in some stream in the original network or after 
step 1, is classified as observable since it can be estimated 
through the corresponding normalization equation. In the exam- 
ple, no stream has exactly one unmeasured mass fraction. After 
this step, all partially measured stream compositions have at  
least two unclassified unmeasured mass fractions. Since Theo- 
rem 3 and its corollary have been applied in step 1, we have pro- 
ceeded as far as possible in classifying unmeasured mass frac- 
tions as observable. We shall now apply Theorem 5 to classify 
other mass fractions as unobservable. 

3. In step 3(a) cycles of G,, are identified through its bicon- 
nected components with more than one arc. All arcs lying in 
such cycles have unobservable mass flows by Corollary 1 of The- 
orem 2. In  the example, G,, in Figure 4c has no such bicon- 
nected component, and the network remains unaltered. 

If the end nodes u and w of an arc j ,  with mass fraction mea- 
surements, lie on the same component of G,,, then there is a t  
least one path between u and w that consists of unmeasured arcs. 
Furthermore, if  M, is unmeasured (i.e., a r c j  exists in G,), then a 
cycle is formed by arc j and arcs in G,, where exactly one arc 
has mass fraction measurements (arcj). By Corollary 2 of Theo- 
rem 2 all mass flows in such a cycle are unobservable. In  the 
example, arc 12 exists in C, (see Figure 4b) but not in G,,, and 
also its end nodes, 6 and 7, lie on the same component of G,,,,. 
Therefore, arcs 12 and 13 form a cycle satisfying the conditions 
of Corollary 2 of Theorem 2, and we aggregate nodes 6 and 7 
into node 6. 

In step 3(c) we classify all unmeasured mass flows of the arcs 
excluded from G in both previous steps as unobservable. Also, 
applying Theorem 5 we classify all unmeasured mass fractions 
in the same arcs as unobservable. In the example, MI,, M I , ,  x , ~ , ~ ,  
xI3,,, and xi3,3 are classified as unobservable. The new G is given 
in Figure I. 

4. In step 4 we apply Theorem 1. In the example, arcs 2 and 4 
form single-arc biconnected components of G,, Figure 8.  We 
classify M ,  and M4 as observable and delete these arcs from G , .  
After this step all biconnected components of G, consist of more 
than one arc. For the example, the new C, graph is the same as 

5. In step 5 type I1 mass fractions are classified as observable 
by applying Theorem 4. In the original set Z of biconnected 
components of C:(i = 1, . . . , I )  all arcs appear a t  least twice 
and as many times as the number of their unclassified unmeas- 
ured mass fractions. For the example, this set is given in Figure 
9. 

In accordance with condition (a) of Theorem 4 an unmeas- 
ured mass fraction x,, is observable if arc j forms a single-arc 
biconnected component of Gr. In the example, graphs BY2, BY,, 
BT2 and ST, are single-arc graphs in Z and, consequently, xZ1, 

in Figure 8. 
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Figure 7. Revised graph G after step 3 of observability 
algorithm. 
Parenthetical designations as in Fig. 2. 

x,~, xI2, and x32 are classified as  observable. Also, all these 
graphs are deleted from set Z. 

After step 5(a) there may be arcs appearing only once in set 
Z ,  and therefore all their mass fractions except one are mea- 
sured or observable. Now we can classify the last unclassified 
mass fraction of such arcs as observable, since it can be esti- 
mated through the normalization equation. In the example, x I 3 ,  
xZ3,  x33 and x43 are classified as observable because, after step 
5(a) arcs 1, 2, 3, and 7 appear only once in Z. Furthermore, 
these arcs are deleted from graph BT'. 

Because of possible deletions of arcs in step 5(b), cycles in the 
original set Z may no longer exist; therefore, we can again apply 
conditions (a) and (b) of Theorem 4. Repeating steps 5(a) and 
5(b) in the example, x53 is classified as observable. The revised G 
is shown in Figure 10, A comparison of Figures 4a and 10 shows 
the reduction in the number of unclassified variables. 

6. If G, is a null graph, then all unmeasured mass flows have 
been classified and G" is identical with G .  Since Theorem 4, 
which provides necessary and sufficient conditions for observ- 
ability classification of mass fractions in G", has been applied in 
step 5, all unclassified mass fractions are unobservable and the 
algorithm stops. In the example, G, is not a null graph and we 
proceed to the next step. 

7. In step 7 we consider set K,. which consists of cutsets of G 
containing arcs of G,. In steps (a) and (b), the conditions of 
Theorem 2 are checked for cutsets of K ,  until the mass flows of 
some arcs in G ,  are classified as observable. Then these arcs are 
deleted from G, and we return to step 4, since graphs G,, G", 
and G have been modified. Examination of all cutsets of K ,  con- 
stitutes a sufficient and necessary condition for classifying all 
unclassified unmeasured mass flows as unobservable. In this 
case, type I mass fractions can be classified as unobservable 
according to Theorem 5 .  Also, all type I1 mass fractions can be 

& , I  Bm,* Bm,3 

Figure 8. Biconnected components of G,,, for graph G in 
Fig. 7. 

P Q 

Figure 9. Original set Zfor graph Gin Fig. 7. 

classified as unobservable because they were not classified as 
observable in G" (step 5), which includes all balances of G with 
measured or observable mass flows, while all remaining bal- 
ances in G but not in G" contain unobservable mass flows. In the 
example, G, consists of one biconnected component in Fig- 
ure 8) and Em = 18, 10, 11 }. If we consider cutset K,,,, = ( I ,  6, 8, 
10) of G in Figure 10, then, assuming xB3 # x ~ ~ , ~ ~  we classify M ,  
and M I ,  as observable, since s = 2, J' = 4, f = 3, and all mass 
fractions of component 3 are measured ( p  = 1). We delete arcs 8 
and 10 from G, and return to step 4. 

The new G ,  graph consists of just one arc, arc 1 1 ,  and M I ,  is 
classified as observable in step 4. At this point we have com- 
pleted the classification of mass flows; deleting arc 11 from G,, 
this graph becomes null. Considering the new set Z in step 5, 
~ 1 1 . 3  is classified as observable. Finally in step 6, the algorithm 
stops because G ,  is a null graph. All remaining mass fractions 
X41r X42r XSI, x52, XBl, X82r X ~ O J ,  x10,2r x ~ ~ , ~ ,  and x11,2 are unobserv- 
able. 

h 

Figure 10. Revised graph G after step 5 of observability 
algorithm. 
Parenthetical designations as in Fig. 2. 
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Redundancy Classification 701,1,2,3)- 

Algorithm 
Since a measurement is redundant if its deletion causes no 

loss of observability, the redundancy classification of a mea- 
sured variable can be determined by deleting the measurement 
and applying the observability classification algorithm. Depend- 
ing on whether the variable is observable or unobservable, the 
corresponding measurement is classified as redundant or nonre- 
dundant. However, such a procedure is not very efficient 
because we have to delete each measurement in turn and apply 
the observability algorithm as many times as the number of 
measurements. In  particular, the large number of variables and 
measurements in multicomponent flow networks dictates that 
this “brute force” procedure should be avoided except as a last 
resort. For this reason, classification rules have been developed, 
according to which measurements are directly classified without 
applying the observability algorithm. These rules have been 
derived by using the definition of redundancy and the observ- 
ability classification theorems. They are stated in Theorems 7 to 
12, which are presented together with illustrations in Appen- 
dix 2. 

In addition to the redundancy theorems, the algorithm to be 
presented directly classifies measurements in streams with com- 
pletely measured composition as well as in streams excluded 
from the process network by applying steps 3(a) and 3(b) of the 
observability algorithm. In the former type of streams, all mass 
fraction measurements are redundant through the normaliza- 
tion equation. On the other hand, the mass flow measurements 
in the streams obliterated in step 3 of the observability algo- 
rithm are nonredundant by Theorem 8, while the mass fraction 
measurements of these streams with completely measured com- 
positions are redundant, as mentioned before. The only mea- 
surements remaining for classification are the mass fraction 
measurements in the streams with at  least one unmeasured mass 
fraction. If we delete any of these measurements and apply step 
3 of the observability algorithm, the corresponding variable will 
be classified as unobservable. Hence, all these inass fraction 
measurements are nonredundant. Note that no mass fraction 
measurement can be classified as redundant by Theorem 9 
because all cutsets of G containing arcs excluded from G i n  steps 
3(a) and 3(b) of the observability algorithm have a t  least one 
arc corresponding to a stream with mass fraction measure- 
ments. 

We shall now present the algorithm, the various steps of 
which will be illustrated and explained with respect to the three- 
component flow network in Figure 1 la .  

1. Find components of G,. For each arc j with end nodes in 
different components of G, classify measurement M, as redun- 
dant. 

2. Find components of GmX. For each arc j with measured 
mass flow and end nodes in the same component of G,, classify 
measurement M, as nonredundant. 

3. For each stream j with completely measured composition 
classify all measurements x,,(i  = 1, . . . , I )  as redundant. 

4. Apply steps 3(a) and 3(b) of the observability classifica- 
tion algorithm. Classify all unclassified mass fraction measure- 
ments in the streams excluded from G as nonredundant. 

5. Obtain graphs G’, i = 1, . . . , I .  In each graph G‘ aggregate 
the end nodes of all arcs with unmeasured mass fractions of ith 
component. Classify measurement x , ~  as redundant if a r c j  exists 

Figure r 11. (a) A three-component network. 

(b) G, graph of network. 
(c) G,, graph with isolated nodes excluded. 
Parenthetical designations as in Fig. 2. 

in a cutset of G’ in which all mass fraction measurements of ith 
component have the same value. 

6 .  Obtain graphs G y  (i = 1, . . . , I )  and find their compo- 
nents and biconnected components. Classify measurement x , ~  as 
redundant i f  

(a) end nodes of a r c j  lie on different components of GT, or 
(b) arc j is a single-arc biconnected component in all other 
graphs G?( t  f i, t = 1 , .  . . , I ) .  
7. Classify measurement xji as nonredundant i f  
(a) there is an alternative path P between end nodes of arc j 
and on this path mass fractions of component i are not mea- 
sured, and if  
(b) there is a t  least one component k ,  k f i, with unmea- 
sured mass fractions in the cycle formed by a r c j  and path P.  
8.  Delete temporarily each unclassified measurement in  turn 

and apply the observability classification algorithm. If the vari- 
able is classified as observable (respectively, unobservable) clas- 
sify the measurement as redundant (respectively, nonredun- 
dant). 

It is important to note that in the case of multiple measure- 
ments (i.e., variables measured more than once), these measure- 

@) 
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ments should be directly classified as redundant without apply- 
ing the algorithm. 

Example 
1 .  The redundancy classification of mass flow measurements 

in step 1 is based on Theorem 7. Measurements M I ,  M2,  and M3 
are redundant because arcs I ,  2, and 3 are incident to node 1, 
which constitutes a component of G,, Figure I 1  b. 

2. The classification in step 2 is a direct application of Theo- 
rem 8. In the example, this step results in classifying measure- 
ment M6 as nonredundant since end nodes of arc 6 lie in the 
same component of G,,, Figure 1 1 c. 

3. Mass fraction measurements of streams completely mea- 
sured with respect to composition are classified as redundant in 
step 3. In the example, stream 4 is such a stream, and xqi, x42, x43 
are classified as redundant. 

4. At this point we apply steps 3(a) and 3(b) of the observ- 
ability algorithm. The mass flow measurements in the arcs 
excluded from C have been classified in step 2 and the mass 
fraction measurements of streams with completely measured 
composition in step 3. All remaining measurements in the 
streams excluded from C are classified as nonredundant accord- 
ing to what was mentioned before presenting the algorithm. In 
the example, G is reduced only in step 3(b) of the observability 
algorithm. Arcs 8 and 9 form a cycle in which one arc has mass 
fraction measurements (arc 9) and nodes 4 and 5 are aggregated 
into node 4. Measurements xgl and xg2 are classified as nonre- 
dundant. 

5. In step 5 we apply Theorem 9. No cycle of arcs with 
unmeasured mass fractions of ith component exists in G'. Fur- 
thermore, by aggregating in G' the end nodes of all remaining 
arcs with unmeasured mass fractions of the ith components, the 
cutsets of the graph so derived (updated G') are those cutsets of 
G in which all mass fractions of the ith component are mea- 
sured. If an arc j exists in a cutset of the updated C' in which all 
mass fraction measurements of the ith component have the same 
value, then measurement xJi is redundant according to Theorem 
9. For the example, the updated G' graphs are given in Figure 
12. Notice that the updated G2 and G' are single-node graphs. 
In GI, if xI1 = xqI = xsl, then these measurements are redun- 
dant. We assume, however, that no two measurements have the 
same value, and so no classification is performed at  this step. 

6. Mass fraction measurements satisfying the conditions of 
Theorems 10 and 11  are classified as redundant in steps 6(a) 
and 6(b), respectively. For the example, G" and its subgraphs 
G y ( i  = 1, 2, 3) are given in Figure 13. Note that G" is the same 
as G after step 4. In  step 6(a) measurements xII  and xsI are clas- 

0 

(a) (b) ( C )  

Figure 12. Updated G' graphs for the network in Fig. 
1 la.  
(a) GI graph; (b) G 2  graph; ( c )  G 3  graph 

Figure 13. Graphs for the network in Fig. 1 la. 
(a) G" graph; (b) GI: subgraph; (c) GT sub- 
graph; (d) G; subgraph. 

sified as redundant because the end nodes of arcs 1 and 5 lie on 
different components of G;"(x,, has been classified in step 3 ) .  
Measurement xS2 is classified as redundant in step 6(b) because 
arc 5 forms a single-arc biconnected component in C;l (i.e., it 
does not lie on a cycle in this graph). 

7. In  step 7 mass fraction measurements are classified as 
nonredundant by applying Theorem 12. For an a r c j  with an 
unclassified measurement xji, there is a t  least one component k,  
k # i, with unmeasured xjk.  Otherwise, x,, would have been clas- 
sified as redundant in step 3. In addition, if there is an alterna- 
tive path P between the end nodes of arc j and on this path all 
mass fractions of components i and k are not measured, then a 
cycle c is formed by a r c j  and path P satisfying the conditions of 
Theorem 12. For instance, consider measurement x ~ ~ .  In graph 
G of Figure 13a the end nodes of arc 6 are connected by a path 
(arc 7)  along which mass fractions of component 1 are not mea- 
sured. Also, in the cycle (6,7) component 2 (and 3) has unmeas- 
ured mass fractions. Hence, measurement x61 is nonredundant. 
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8. At this point, all the graph-theoretic criteria for redun- 
dancy classification have been applied. The definition of redun- 
dancy and the observability algorithm have to be employed for 
classification of the remaining unclassified measurements M,, 
~ 2 3 ,  and xJ3. Deleting each measurement in turn and applying 
the observability algorithm, all measurements are classified as 
redundant. 

Closing Remarks 
One advantage of the proposed algorithms is that we are able 

to classify every variable and measurement, which was not 
always possible with the previous algorithms (Stanley and Mah, 
1981 b). Also, the approach presented in this paper provides a 
framework for generalizing the treatment to include chemical 
reactions and energy flows. This extension is expected to be non- 
trivial. However, based on our past experience we are optimistic 
of the outcome. The availability of observability and redun- 
dancy algorithms will provide a basis and means for designing 
performance monitoring systems. 
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Notation 
A = reduced incidence matrix of graph F 

u, = (nj)th entry of A 
B,  = set of biconnected components of G,; B, = {B,,,, B,,,, . . .I 
BY = set of biconnected components of G y ;  B: = {BG, B z ,  . . .) 

c = cycle in graph G 
C = mass flow coefficient matrix, Eq. 6 

E ,  = set of arcs that lie on cycles in G, 
E' = set of arcs in G' with unmeasured mass fraction of component 

F = a process graph 
G = underlying graph of F with directions of arcs erased 

c,, = submatrices of _C, Eq. 7 

i 

G, = subgraph of G with deletion of all arcs with mass flow measure- 
ments 

G,, = subgraph of G, with deletion of all arcs with any mass fraction 
measurements 

C' = graph obtained from G by aggregating the end nodes of all arcs 
lying on cycles with unmeasured mass fractions of component 
i 

G" = graph obtained from G by aggregating the end nodes of all arcs 
belonging to set Em 

G: = subgraph of G" with deletion of all arcs with mass fraction 
measurements of  component i 

i = general subscript for components 
I = number of components 
j = general subscript for arcs (streams) 
J = number of process streams (arcs) 

J' = number of arcs in a member of set K ,  
K ,  = set of cutsets of G that contain arcs of set Em; K,,, = {K,.,, K,,,, 

K;  = set of cutsets of G' each member of which contains only arc j 

- m, = vector of mass flows in arcs belonging to set Em in a member of 

zq = vector of measurd or observable mass flows in a member of 

M, = mass flow in arc j 
nli = mass flow of component i in a r c j  
N = number of physical nodes in graph F 
p = number of components that have measured or observable mass 

. . .I 
from set E' 

K m  

K m  

fractions in a member of K ,  

P = path in graph G 
s = number of arcs belonging to set E, in a member of K ,  

v o r w = a n o d e  
xji = mass fraction of component i in s t reamj  
3 = vector o f p  measured or observable mass fractions in stream j 
Z = set of biconnected components of graphs Gy, i = 1, . . . , I 

Appendix 1: Graph-Theoretic Terminology 
An undirected (resp., directed) graph G = ( V ,  E )  consists of a 

set of objects V = {u,, u2. . . .) called nodes or vertices, and 
another set E = { e , ,  e2, . . .} whose elements are called arcs or 
edges, such that each arc  ek is identified with an unordered 
(resp., ordered) pair (ui, u,) of nodes. The nodes ui, uj associated 
with arc ek are called the end nodes of ek. A graph that consists 
only of vertices is referred to as a null graph. However, a graph 
can never contain only edges without their end vertices. This 
possibility is excluded by the formal definition of an edge. 

A path is defined as a sequence of nodes and arcs, beginning 
and ending with nodes, in which no node appears more than 
once. A cycle is a closed path where only the beginning (or end- 
ing) node appears twice. A graph is connected if there is a path 
between every pair of nodes. A graph g is said to be a subgraph 
of a graph G if all the nodes and arcs of g are in G. A component 
of a graph G is a maximal connected subgraph of G. A cutset of 
a connected graph is a minimal set of arcs whose removal leaves 
the graph disconnected. In the connected graph of Figure A l -  1 a 
the sequence of nodes and arcs alb2c forms a path between 
nodes a and c, while the sequence b2c3d4b forms a cycle. Also, 
the set of arcs (2,  31 is a cutset, whereas the set ( I ,  2 ,  41 is not, 
because it is not minimal (its proper subsets {I],  (2 ,4}  are cutsets 

A node u is a cutnode of a connected graph G, if its removal 
together with its incident arcs disconnects G. A graph is separa- 
ble if it contains a cutnode. If we split a cutnode into two nodes, 
two disjoint subgraphs are produced. If we repeat this operation 
until all subgraphs are nonseparable, then the resulting sub- 
graphs are called blocks or biconnected components. The graph 
in Figure A l - l a  contains one cutnode, node b, and has two 
biconnected components, shown in Figure Al- lb .  Two arcs 
belong to the same biconnected component if and only if they 
belong to a common cycle. A single arc that does not lie on any 
cycle forms its own biconnected component (e.g., arc 1 in the 
example). Any two biconnected components are either disjoint 

of G). 

4 A  

Figure A l - 1 .  (a) A graph. 
(b) Biconnected components of the graph. 
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or have exactly one cutnode in common. Each cutnode lies in a t  
least two biconnected components and all other nodes can 
belong to only one biconnected component. 

Appendix 2: Classification Theorems 
Observability classification 

Theorem I .  If an arc j with unmeasured mass flow constitutes 
a single-arc biconnected component of G,, then Mj is observ- 
able. 

Proof. It follows directly from the discussion in the Classifica- 
tion Principles section and the property of biconnected compo- 
nents: an arc forms its own biconnected component if and only if 
it does not lie on any cycle. 

Theorem 2. For a cutset K,,, with J' arcs, let ms be the vector 
of unmeasured mass flows of arcs in Em and m, the vector of 
observable mass flows in the remaining arcs of KmJ, and let cs, 
-I C be their coefficient matrices in the balance equations. Then 
the mass flows m, are observable, i f  

(a) s s l  
(b) s < J', and 
(c) rank [c,] = rank [c, i -cqr3,J = s. 
Corollary 1. If arc j lies on a cycle of G,,, then Mj is unob- 

servable. 
Proof. Since G,, is a subgraph of G,, arc j lies on a cycle in 

G,. Consequently, any cutset of G containing arc j has a t  least 
two unmeasured mass flows (s 2 2), and p = 0 because a t  least 
two arcs of the cutset are unmeasured. Therefore, condition (c) 
of Theorem 2 can never be satisfied, and Mi is unobservable. 

Corollary 2. If arc j lies on a cycle of G, with exactly one arc 
with mass fraction measurements, then Mj is unobservable. 

Proof. Similar to that of Corollary 1 with only one difference: 
p = 0 for all cutsets of G containing arc j because they contain at  
least one unmeasured arc. 

Illustrations of the above corollaries may be found in Figure 
A2-1. Arcs 2 and 3 form a cycle in G,, (Figure A2-lc). Hence, 
M2 and M3 are unobservable (Corollary 1). Also, arcs 4 and 5 
form a cycle in C,  (Figure A2-lb) with exactly one arc with 

(3 

@=J5 @=J5 

3 

(bf (C) 

Figure A2-1. (a) A two-component network. 
(b) G,,, graph of network. 
(c) G,, graph. 

mass fraction measurements (arc 4). Therefore, M4 and M5 are 
unobservable (Corollary 2). 

Theorem 3. If arcsj l  and j 2  form a cutset of G'(i  = 1 ,  . . . , I) 
and 

Corollary. Suppose arcs j 1 ,  j 2 , .  . ., jr  form a cutset of G'(i = 

1, . . . , I) and xj2,', xj3,', . . . , x~, ,~ are measured. If xj2,j = xj3,i = 

. . . = xj,,', then x ~ , , ~  is observable. 
The proofs of both previous results follow directly from the 

discussion in the "Classification Principles section." 
Theorem 4. Unmeasured mass fraction xji of an arc j in G" is 

observable if and only if either of the following conditions is 
satisfied: 

is measured, then xj2,' is observable. 

(a) arc j does not lie on a cycle in G y ,  or 
(b) all other mass fractions of arc j are measured or observ- 

The proof is given in Supplementary Material No. 2. 
For a complete illustration of the above theorem consider the 

three-component network in Figure 3. Mass fractions x , ,  and xZ2 
are observable because arcs 1 and 2 do not lie on a cycle in G y  
and G y ,  respectively [condition (a)]. Then x I 3  and xZ3 are 
observable through the normalization equations of streams 1 
and 2 because all remaining mass fractions of these streams are 
measured (x,,, x , , )  or observable ( x , , ,  xZ2)  [condition (b)]. 

Note that a mass fraction classified as observable in G" is also 
observable in G since the constraint equations in G" constitute a 
subset of the constraint equations in G. This is not valid, how- 
ever, for unobservability classification because a mass fraction 
classified as unobservable by Theorem 4 in C" might be observ- 
able in G through constraint equations corresponding to C but 
not to G". 

Theorem 5. If the end nodes of an arc j with at  least two miss- 
ing mass fraction measurements lie on a cycle of arcs with unob- 
servable mass flows and Theorem 3 or its corollary are not appli- 
cable, then all unmeasured xii, i = 1, . . . , I. are unobservable. 

Proof. Unmeasured mass fractions xji, i = 1, . . . , I ,  cannot be 
estimated through the normalization equation since more than 
one mass fraction measurement is missing, or through any modi- 
fied component balance since Theorem 3 and its corollary can- 
not be applied. Hence, component mass balances and mass flows 
are needed. However, all balances including arc j contain unob- 
servable mass flows. Therefore, no unmeasured xji can be esti- 
mated. So, all of them are unobservable. 

Note that arc j may have measured or unobservable mass 
flow. In the latter case it belongs to the cycle. 

For demonstrating an application of the above theorem, con- 
sider the example for Corollary 1 of Theorem 2 (Figure A2-1). 
M,, M3 are unobservable and arcs 2 and 3 form a cycle in C.  
Therefore, x,,, x , ~ ,  x3 , ,  and x j 2  are unobservable also. 

Theorem 6. Let c be a cycle in G and let each of the arcs in c 
have unmeasured mass fractions for components i l ,  i2, . . . , ik, 
k > 1. Then all these mass fractons are unobservable. 

able. 

The proof is given in Supplementary Material No. 2. 
For an illustration of the above theorem consider the cycle 

formed by arcs 4 and 5 in Figure 4a. Mass fractions of compo- 
nents 1 and 2 are not measured, and therefore x4] .  xqz, xsl ,  and 
xS2 are unobservable. 

It is worth noticing that if cycle c exists in both G and G"' (i.e., 
all mass flows of arcs in c are measured or observable), Theo- 
rems 4 and 6 are equivalent for unobservability classification. 
Even though Theorem 6 is not explicitly employed in the observ- 
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ability algorithm, it is used for deriving a graph-theoretic rule 
for redundancy classification. 

Redundancy classijication 
The proofs of all following theorems may be found in Supple- 

mentary Material No. 2. 
Theorem 7 .  If the end nodes of an arc j with measured mass 

flow lie on different components of G,, measurement M j  is 
redundant (Theorem 1 ) .  

Note that Theorem 7 has been developed on the basis of Theo- 
rem 1 and for this reason the latter is mentioned. Similar refer- 
ences will be made in all subsequent theorems. 

Theorem 8. If the end nodes of an arc j with measured mass 
flow lie on the same component of G,, measurement Mj is non- 
redundant (Corollaries 1 and 2 of Theorem 2). 

Illustrations of the above theorems may be found in Figure 4. 
The end nodes of arcs 3 ,6 ,  and 7 lie on different components of 
G,  (shown in Figure 4b) and measurements M,, M6, and M7 are 
redundant (Theorem 7).  On the other hand, the end nodes of arc 
9 (nodes 5 and 6) lie on the same component of G,, (shown in 
Figure 4c), and measurement M9 is nonredundant (Theorem 

Theorem 9. Let mass fractions of the ith component be mea- 
sured in a cutset of G’, i E { l ,  . . . , I } ,  which consists of a rcs j l ,  
j 2 ,  . . . ,Jr. If x,,,, = xj2,i = . . . = x,r.i, then all these measurements 
are redundant (Theorem 3 and its corollary). 

Theorem 10. If the end nodes of an a r c j  lie on different com- 
ponents of Gr, i E (1, . . . , Z}, then measurement xli is redun- 
dant [condition (a) of Theorem 41. 

Theorem 11 .  Let mass fraction xji be measured and end nodes 
of a r c j  belong to the same component of Gy,  i E { 1, . . . , I } .  If 
arc j does not lie on a cycle in any other graph G y ( t  # i; t = 1, 
. . . , I ) ,  then xji  is redundant [condition (b) of Theorem 41. 

One difference between Theorem 9 and the two last theorems 
is that Theorem 9 makes use of measurement values whereas 
Theorems 10 and 11 are solely graph-theoretic rules. For 
instance in the network of Figure 3a, measurements x2! ,  xj,, and 
x6I may be classified as redundant according to Theorem 9 only 
if their values are the same (arcs 2, 3, and 6 form a cutset in G 
and in G’, which is identical with G).  On the other hand, the 
same measurements are classified as redundant by applying 
Theorem 10 to G;“ (Figure 3c), irrespective of their values. 
Another difference is that Theorem 9 does not stipulate any 
restriction on the nature of mass flows whereas Theorems 10 
and 11 refer to graph G”, all mass flows in which are measured 
or observable (by Theorem 1 ) .  In the network of the example 
used before (see Figure 3a), xdI and xsI  may be classified as 
redundant through a cutset of GL (arcs 4, 5 ,  and 6) by applying 
Theorem 9. However, arcs 4 and 5 do not exist in G“ (they lie on 
a cycle in G,,,). Hence, classification of the above measurements 
is not possible by Theorems 10 and 1 1. 

8). 

Theorem 12. Let xji be measured and a r c j  lie on a cycle c of G 
where mass fractions of component k ( k  f i) are not measured. 
If  all arcs, except arc j ,  in cycle c have unmeasured mass frac- 
tions of component i then measurement xj ,  is nonredundant 
(Theorem 6). 

An illustration of the above theorem may be found in Figure 
4a. Arc 4 lies on cycle c = (4, 5 )  where mass fractions of compo- 
nent 1 are not measured. In addition, arc 5 has an unmeasured 
mass fraction of component 3. Therefore, measurement x,, is 
nonredundant. 
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